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Алгебра и геометрия

II семестр

(для студентов факультетов Электроники и РТС)

Индивидуальные домашние задания

Çàäà÷à 1.1. Âåêòîðû a, b, c, d çàäàíû ñâîèìè êîîðäèíàòàìè
â êàíîíè÷åñêîì áàçèñå i, j, k ïðîñòðàíñòâà V3.
1) Ïîêàçàòü, ÷òî âåêòîðû a, b, c îáðàçóþò áàçèñ ïðîñòðàíñòâà
V3.
2) Íàéòè êîîðäèíàòû âåêòîðà d â áàçèñå a, b, c (ñ ïîìîùüþ
ìàòðèöû ïåðåõîäà). Ñäåëàòü ïðîâåðêó.
� � �

a = (−1, 5,−3) a = (4,−1,−3) a = (−6,−4, 1)
1 b = (3, 1, 2) 2 b = (−6, 1, 4) 3 b = (−2,−1, 2)

c = (3, 4, 1) c = (−1, 5, 1) c = (3, 3, 3)
d = (2, 3, 0) d = (1,−6,−2) d = (3, 2, 1)
a = (−3, 4, 3) a = (4,−5, 1) a = (1,−4,−3)

4 b = (−1, 2, 3) 5 b = (2, 3,−3) 6 b = (5,−1, 2)
c = (1, 0,−1) c = (−1, 4,−1) c = (4,−6,−1)
d = (4,−2,−2) d = (3,−1, 2) d = (−5, 2, 3)
a = (−3, 1, 3) a = (4, 6, 7) a = (3,−2, 1)

7 b = (5,−4, 2) 8 b = (3, 1, 2) 9 b = (1, 2, 4)
c = (1,−2, 4) c = (3,−2, 2) c = (2,−4,−4)
d = (−2, 0, 4) d = (−2, 1, 3) d = (1, 2, 2)
a = (5, 3, 1) a = (2, 1, 1) a = (1, 0, 1)

10 b = (−1, 2, 3) 11 b = (2, 2,−1) 12 b = (1,−2, 0)
c = (2, 2, 2) c = (1,−1, 3) c = (0, 3, 1)
d = (−3, 1, 1) d = (4, 2, 1) d = (3,−9,−2)
a = (4, 3, 2) a = (0, 3, 1) a = (1, 4, 2)

13 b = (3,−5, 1) 14 b = (1,−1, 2) 15 b = (−5, 3, 1)
c = (2, 1, 1) c = (2,−1, 0) c = (1, 2, 1)
d = (4,−1, 2) d = (9,−8, 1) d = (−3, 20, 9)
a = (2,−1, 4) a = (−1, 1, 2) a = (1,−2, 0)

16 b = (1,−1, 2) 17 b = (3, 1,−1) 18 b = (−1, 1, 3)
Ïðîäîëæåíèå çàäà÷è 1.1 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 1.1
c = (3, 2, 0) c = (1, 2, 2) c = (1, 0, 4)
d = (2, 9,−14) d = (15, 4,−6) d = (6,−1, 7)
a = (5, 1,−2) a = (2, 0, 1) a = (2,−1, 1)

19 b = (−2, 3, 1) 20 b = (1, 1, 0) 21 b = (2, 1,−2)
c = (3, 2,−1) c = (4, 1, 2) c = (4, 3,−2)
d = (7, 15,−2) d = (8, 0, 5) d = (24, 4,−5)
a = (1,−2, 4) a = (0,−2, 3) a = (3, 1,−2)

22 b = (0,−1, 1) 23 b = (1,−1, 1) 24 b = (0, 1, 3)
c = (3, 1,−2) c = (4, 0, 3) c = (2, 2,−1)
d = (1, 1,−6) d = (−1,−13, 10) d = (11, 7,−12)
a = (1,−1,−2) a = (3, 0, 1) a = (−2, 1,−1)

25 b = (2,−1, 4) 26 b = (−2, 1,−1) 27 b = (3, 2, 1)
c = (1, 0, 2) c = (4, 2, 2) c = (−2, 0, 1)
d = (1,−3,−2) d = (−17,−6,−9) d = (23, 4, 0)
a = (4, 0, 1) a = (3, 2,−1) a = (1, 3, 2)

28 b = (2,−3,−1) 29 b = (2, 0, 1) 30 b = (1,−3, 1)
c = (1, 2, 1) c = (−3, 1,−1) c = (0,−2, 2)
d = (31,−8, 4) d = (6, 8,−7) d = (5, 11, 14)

Çàäà÷à 1.2. Äîêàçàòü, ÷òî âåêòîðû âèäà (x1, x2, x3, x4)
îáðàçóþò ëèíåéíîå ïîäïðîñòðàíñòâî â ïðîñòðàíñòâå R4. Íàéòè
áàçèñ è ðàçìåðíîñòü ýòîãî ïîäïðîñòðàíñòâà. Äîïîëíèòü áàçèñ
ïîäïðîñòðàíñòâà äî áàçèñà âñåãî ïðîñòðàíñòâà. Íàéòè ìàòðèöó
ïåðåõîäà îò êàíîíè÷åñêîãî áàçèñà ïðîñòðàíñòâà R4 ê ïîñòðîåí-
íîìó áàçèñó.

� âàð. (x1, x2, x3, x4)
1 (2a, 3b− a, a, −b)
2 (5b, c− a, 2a + b, c)
3 (a + 4b, 0, a− b, a)
4 (a− b + 3c, −2b, c, a + 2b)
5 (−2a, 3a + b, −b, a)
6 (a− 2c, b− a, 3b, c)
7 (2a + b, a, 3b + a, −2a)

Ïðîäîëæåíèå çàäà÷è 1.2 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 1.2
8 (b− 2c, −a + b + c, a, −b)
9 (b, −3a, a− b, 0)
10 (2b + 2c, −a, b, 2a− c)
11 (a− 2b, b, 0, 2a− b)
12 (a, b− a− 3c, 2a + c, 2b)
13 (b, −a, 3a + b, 2a + 3b)
14 (2a, 2a + b + c, 2b, a− 3c)
15 (2b + a, b− 2a, a, 3b)
16 (a + 5c, b− 2a, a + c, −b)
17 (−2a, a, 4b + 3a, −b)
18 (a + b + c, 3c, a− 2b, a)
19 (0, 3b− 2a, a, −4b)
20 (b, −a− c, 2a + b, 3c + a)
21 (2a + b, 0, −a− 5b, b)
22 (a + 5b− c, 2c, 2a + b, a)
23 (2a, −a, 4a, 3b− a)
24 (a + b + c, 3a, 2a + b, −2c)
25 (0, 4b− a, 2a, a− b)
26 (a− 2b, 5b− c, c, 2a + b)
27 (3a− 2b, 0, a, 3b)
28 (5b− c, −a, 2a + b + c, 3c)
29 (2a− 3b, a + 2b, 0, −b)
30 (a + b, −3a + c, 2a− b, 3c)

Çàäà÷à 1.3. Ïóñòü M - ìíîæåñòâî ìíîãî÷ëåíîâ p ∈ Pn ñ âå-
ùåñòâåííûìè êîýôôèöèåíòàìè, óäîâëåòâîðÿþùèõ óêàçàííûì
óñëîâèÿì. Äîêàçàòü, ÷òî M - ëèíåéíîå ïîäïðîñòðàíñòâî â Pn,
íàéòè åãî áàçèñ è ðàçìåðíîñòü. Äîïîëíèòü áàçèñ M äî áàçèñà
âñåãî ïðîñòðàíñòâà Pn. Íàéòè ìàòðèöó ïåðåõîäà îò êàíîíè÷å-
ñêîãî áàçèñà ïðîñòðàíñòâà Pn ê ïîñòðîåííîìó áàçèñó.

� âàð. n Óñëîâèÿ íà p(t) ∈M
1 3 p(−1) = p(1)
2 3 p′(−1) = p′(1)

Ïðîäîëæåíèå çàäà÷è 1.3 íà ñëåäóþùåé ñòðàíèöå



4

Ïðîäîëæåíèå çàäà÷è 1.3
3 3 p(−2) = 0
4 4 p(−2) = p(3) = 0
5 4 p(2− i) = 0
6 3 p′(1) = 0
7 3 p(0) + p′(−1) = 0
8 4 p(i− 1) = 0
9 4 p(t) ... (t− 3)2

10 3 p′′(1) = 0
11 4 p(t) ... (t2 + t + 1)
12 3 p(1) = p(2) = 0
13 3 2p(0) + p(1) = 0
14 3 p(−1) + p(0) + p(1) = 0
15 3 p(0) + p′(2) = 0
16 3 p(2) = p(−2)
17 4 p(1) = p′′(0) = 0
18 3 p(2) = 0
19 4 p(2) = p′(0) = 0
20 4 p(1 + i) = 0
21 3 p′(−1) = 0
22 3 p′(0) + p(1) = 0
23 4 p(−2 + i) = 0
24 4 p(−1) = p′(−1) = 0
25 3 p′′(1) + p′(0) = 0
26 4 p(t) ... (t2 + t + 2)
27 3 p(−1) + p′′(0) = 0
28 3 p(−1) = 2p(0)
29 3 p(−1) + p′(0) + p(1) = 0
30 4 p′′(0) = p(−1) = 0

Çàäà÷à 1.4. Ïîñòðîèòü áàçèñ è íàéòè ðàçìåðíîñòü ëèíåé-
íîãî ïîäïðîñòðàíñòâà M â ïðîñòðàíñòâå âñåõ ìàòðèö äàííîãî
ðàçìåðà. Ïðîâåðèòü, ÷òî ìàòðèöà B ïðèíàäëåæèò M è ðàçëî-
æèòü åå ïî íàéäåííîìó áàçèñó.
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� M − ìíîæåñòâî ìàòðèö
âàð. óêàçàííîãî âèäà B

1 Ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ


1 0 1
0 0 0
2 0 2


 ·X =




0 0
0 0
0 0


 B =



−1 −1

3 1
1 1




2 Ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ


1 1 1
2 2 2

−3 −3 −3


 ·X =




0 0
0 0
0 0


 B =



−1 −1

3 1
1 1




3 Ìàòðèöû, ïåðåñòàíîâî÷íûå

ñ ìàòðèöåé A =




0 1 0
0 0 1
0 0 0


 B =




1 2 −1
0 1 2
0 0 1




4 Ìàòðèöû, ïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =




0 0 1
0 1 0
1 0 0


 B =




2 −1 1
3 0 3
1 −1 2




5 Ìàòðèöû, àíòèïåðåñòàíîâî÷íûå

ñ ìàòðèöåé A =




0 1 0
1 0 0
0 0 1


 B =




1 2 3
−2 −1 −3
−1 1 0




6 Ìàòðèöû, àíòèïåðåñòàíîâî÷íûå

ñ ìàòðèöåé A =




0 1 0
0 0 1
0 0 0


 B =




2 −2 3
0 −2 2
0 0 2




7 Ñèììåòðè÷íûå ìàòðèöû
3-ãî ïîðÿäêà B =




1 2 0
2 3 −2
0 −2 0




8 Êîñîñèììåòðè÷íûå ìàòðèöû
3-ãî ïîðÿäêà B =




0 3 −1
−3 0 0

1 0 0




9 Âåðõíåòðåóãîëüíûå ìàòðèöû
3-ãî ïîðÿäêà ñ íóëåâûì ñëåäîì B =




1 4 0
0 −2 2
0 0 1




Ïðîäîëæåíèå çàäà÷è 1.4 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 1.4

10

Ìàòðèöû 3-ãî ïîðÿäêà ñ
íóëåâûìè ñóììàìè ýëåìåíòîâ

ãëàâíîé è ïîáî÷íîé
äèàãîíàëåé

B =




3 1 0
−1 0 2

0 4 −3




11

Ìàòðèöû 3-ãî ïîðÿäêà,
ó êîòîðûõ ñóììû ýëåìåíòîâ

ëþáîé ñòðîêè è
ëþáîãî ñòîëáöà îäèíàêîâû

B =




2 −3 3
−1 1 2

1 4 −3




12

Ìàòðèöû 3-ãî ïîðÿäêà,
ó êîòîðûõ ñóììû ýëåìåíòîâ

ëþáîé ñòðîêè è
ëþáîãî ñòîëáöà ðàâíû íóëþ

B =




3 0 −3
−2 4 −2
−1 −4 5




13
Ìàòðèöû (2× 3), ó êîòîðûõ
ñóììû ýëåìåíòîâ â îáåèõ

ñòðîêàõ îäèíàêîâû
B =

(
4 7 −8

−3 3 3

)

14 Ìàòðèöû, ïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =




0 1 0
0 0 0
0 0 1


 B =




1 −1 0
0 1 0
0 0 2




15 Ìàòðèöû, àíòèïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =




1 0 0
0 0 1
0 1 0


 B =




0 −1 1
1 2 3

−1 −3 −2




16 Ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ

X ·



1 0 −1
0 0 0

−1 0 1


 =

(
0 0 0
0 0 0

)
B =

( −2 1 −2
1 3 1

)

17 Ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ

X ·



1 −1 1
0 0 0

−1 1 −1


 =

(
0 0 0
0 0 0

)
B =

( −1 −2 −1
1 −2 1

)

18 Ìàòðèöû, ïåðåñòàíîâî÷íûå ñ
Ïðîäîëæåíèå çàäà÷è 1.4 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 1.4

ìàòðèöåé A =




0 0 0
1 0 0
0 1 0


 B =




3 0 0
−2 3 0

2 −2 3




19 Ìàòðèöû, ïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =




0 0 1
0 1 0
0 0 1


 B =




3 2 0
0 −1 2
0 2 3




20 Ìàòðèöû, àíòèïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =




0 0 0
1 0 0
0 1 0


 B =




2 0 0
−1 −2 0
−1 1 2




21 Ìàòðèöû, àíòèïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =




0 0 1
0 1 0
0 0 1


 B =




2 0 −2
0 0 0
0 0 0




22

Ñèììåòðè÷íûå ìàòðèöû
3-ãî ïîðÿäêà ñ íóëåâûìè

ñóììàìè ýëåìåíòîâ ïåðâîãî
è òðåòüåãî ñòîëáöîâ

B =




2 −1 −1
−1 1 −2
−1 −2 3




23
Êîñîñèììåòðè÷íûå ìàòðèöû
3-ãî ïîðÿäêà ñ íóëåâîé ñóììîé

ýëåìåíòîâ ïåðâîé ñòðîêè
B =




0 2 −2
−2 0 −3

2 3 0




24

Íèæíåòðåóãîëüíûå ìàòðèöû
3-ãî ïîðÿäêà ñ íóëåâûì ñëåäîì
è íóëåâîé ñóììîé ýëåìåíòîâ

ïîáî÷íîé äèàãîíàëè
B =




1 0 0
4 2 0

−2 5 −3




25

Ñèììåòðè÷íûå ìàòðèöû 3-ãî
ïîðÿäêà, ó êîòîðûõ îäèíàêîâû

ñóììû ýëåìåíòîâ ñòðîê,
à ñóììû ýëåìåíòîâ ñòîëáöîâ

çíàêî÷åðåäóþòñÿ

B =




0 1 −1
1 −1 0

−1 0 1




Ïðîäîëæåíèå çàäà÷è 1.4 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 1.4

26

Ñèììåòðè÷íûå ìàòðèöû 3-ãî
ïîðÿäêà, ó êîòîðûõ îäèíàêîâû
ñóììû ýëåìåíòîâ ñòîëáöîâ,
à ñóììû ýëåìåíòîâ ñòðîê

çíàêî÷åðåäóþòñÿ

B =




0 0 0
0 1 −1
0 −1 1




27

Ñèììåòðè÷íûå ìàòðèöû 3-ãî
ïîðÿäêà, ó êîòîðûõ ñóììa
ýëåìåíòîâ ëþáîãî ñòîëáöà

ðàâíà íóëþ
B =




3 −3 0
−3 2 1

0 1 −1




28
Ìàòðèöû (3× 2), ó êîòîðûõ
ñóììû ýëåìåíòîâ ëþáîãî

ñòîëáöà ðàâíû íóëþ
B =




2 −3
−1 0
−1 3




29 Ñèììåòðè÷íûå ìàòðèöû,
ïåðåñòàíîâî÷íûå ñ ìàòðèöåé

A =




1 0 0
0 0 1
0 1 0


 B =




0 1 1
1 2 3
1 3 2




30 Ñèììåòðè÷íûå ìàòðèöû,
àíòèïåðåñòàíîâî÷íûå ñ ìàòðèöåé

A =




0 1 0
0 0 1
0 1 0


 B =




2 0 0
0 −2 0
0 0 2




Çàäà÷à 1.5*. Äîêàçàòü, ÷òî ìíîæåñòâî M ôóíêöèé x, çà-
äàííûõ íà îáëàñòè D, îáðàçóåò ëèíåéíîå ïðîñòðàíñòâî. Íàéòè
åãî áàçèñ è ðàçìåðíîñòü.

� âàð. Ìíîæåñòâî M
(α, β, γ, δ � ëþáûå âåùåñòâåííûå ÷èñëà)

1, 16 M = {α + β ch t + γ sh t + δet}, t ∈ (−∞, +∞)

2, 17 M = {αet + βe2t + γe3t}, t ∈ (−∞, +∞)

Ïðîäîëæåíèå çàäà÷è 1.5 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 1.5
3, 18 M = {α + β cos t + γ sin t + δ cos2 t

2
}, t ∈ [−π, +π]

4, 19 M = {αe−t + β sh t + γet + δ}, t ∈ (−∞, +∞)

5, 20 M = {αe−t + βtet + (β − α)t2et + γt3et},
t ∈ (−∞, +∞)

6, 21 M = {α
t

+ β + γt + δ
2t2 − 1

t
}, t ∈ (0, 1)

7, 22 M = {α cos t + β sin t + γ sin 2t}, t ∈ (−π

2
,

π

2
)

8, 23 M = {α + β tg t + γ ctg t}, t ∈ (0,
π

2
)

9, 24 M = {αe−t + β ch t + γ sh t + δ}, t ∈ (−∞, +∞)

10, 25 M = {αe−t + (β − α)te−t + γt2e−t + αt3e−t},
t ∈ (−∞, +∞)

11, 26 M = {α cos 2t + β sin 2t + γ sin2 t + δ}, t ∈ (−π

2
,

π

2
)

12, 27 M = {α ln t + β + γt + δ ln 3t}, t ∈ (0, +∞)

13, 28 M = {α + β tg2 t + γ sec2 t + δ ctg2 t}, t ∈ (0,
π

2
)

14, 29 M = {α ln t + β + γ ln
2
t
}, t ∈ (0, +∞)

15, 30 M = {αe2t + βte2t + γt2e2t + αt3e2t}, t ∈ (−∞, +∞)

Çàäà÷à 1.6*K. Îáðàçóåò ëè ëèíåéíîå ïðîñòðàíñòâî çàäàííîå
ìíîæåñòâî, â êîòîðîì îïðåäåëåíû ñóììà ëþáûõ äâóõ ýëåìåíòîâ
x è y è ïðîèçâåäåíèå ëþáîãî ýëåìåíòà x íà ëþáîå äåéñòâèòåëü-
íîå ÷èñëî α?
1. Ìíîæåñòâî âñåõ âåêòîðîâ ïðîñòðàíñòâà V3, êîîðäèíàòû êî-

òîðûõ � öåëûå ÷èñëà; ñóììà: x + y, ïðîèçâåäåíèå αx.
2. Ìíîæåñòâî âñåõ âåêòîðîâ ïðîñòðàíñòâà V3, ëåæàùèõ íà îä-

íîé îñè; ñóììà: x + y, ïðîèçâåäåíèå αx.
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3. Ìíîæåñòâî âñåõ âåêòîðîâ ïëîñêîñòè, êàæäûé èç êîòîðûõ
ëåæèò íà îäíîé èç îñåé Ox, Oy; ñóììà: x+y, ïðîèçâåäåíèå
αx.

4. Ìíîæåñòâî âñåõ âåêòîðîâ ïðîñòðàíñòâà V3; ñóììà: [x, y],
ïðîèçâåäåíèå αx.

5. Ìíîæåñòâî âñåõ âåêòîðîâ ïðîñòðàíñòâà V3, ëåæàùèõ íà îä-
íîé îñè; ñóììà: x + y, ïðîèçâåäåíèå α|x|.

6. Ìíîæåñòâî âñåõ âåêòîðîâ, ÿâëÿþùèõñÿ ëèíåéíûìè êîìáè-
íàöèÿìè âåêòîðîâ a, b, c; ñóììà: x + y, ïðîèçâåäåíèå αx.

7. Ìíîæåñòâî âñåõ ôóíêöèé f(t), g(t), ïðèíèìàþùèõ ïîëî-
æèòåëüíûå çíà÷åíèÿ; ñóììà: (f · g)(t), ïðîèçâåäåíèå: fα(t).

8. Ìíîæåñòâî âñåõ íåïðåðûâíûõ ôóíêöèé f(t), g(t), çàäàí-
íûõ íà îòðåçêå [0, 1]; ñóììà: (f + g)(t), ïðîèçâåäåíèå:
(αf)(t).

9. Ìíîæåñòâî âñåõ ÷åòíûõ ôóíêöèé f(t), g(t), çàäàííûõ íà
îòðåçêå [−1, 1]; ñóììà: (f · g)(t), ïðîèçâåäåíèå: (αf)(t).

10. Ìíîæåñòâî âñåõ íå÷åòíûõ ôóíêöèé f(t), g(t), çàäàííûõ íà
îòðåçêå [−1, 1]; ñóììà: (f + g)(t), ïðîèçâåäåíèå: (αf)(t).

11. Ìíîæåñòâî âñåõ ëèíåéíûõ ôóíêöèé f(x, y), g(x, y); ñóì-
ìà: (f + g)(x, y), ïðîèçâåäåíèå: (αf)(x, y).

12. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ p(t) òðåòüåé ñòåïåíè; ñóììà:
(p + q)(t), ïðîèçâåäåíèå: (αp)(t).

13. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ p(x, y) ñòåïåíè ìåíüøåé èëè
ðàâíîé òðåì; ñóììà: (p+q)(x, y), ïðîèçâåäåíèå: (αp)(x, y).

14. Ìíîæåñòâî âñåõ óïîðÿäî÷åííûõ íàáîðîâ èç n ÷èñåë x =
(x1, x2, . . . , xn), y = (y1, y2, . . . , yn); ñóììà x + y =
(x1y1, x2y2, . . . ,
xnyn), ïðîèçâåäåíèå: αx = (αx1, αx2, . . . , αxn).

15. Ìíîæåñòâî âñåõ ñõîäÿùèõñÿ ïîñëåäîâàòåëüíîñòåé {un},
{vn}; ñóììà: {un + vn}, ïðîèçâåäåíèå: {αun}.
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16. Ìíîæåñòâî âñåõ äèàãîíàëüíûõ ìàòðèö A = (aij) ïîðÿäêà
n; ñóììà: A + B = (aij + bij), ïðîèçâåäåíèå: αA = (αaij).

17. Ìíîæåñòâî âñåõ íåâûðîæäåííûõ ìàòðèö A = (aij) ïîðÿäêà
n; ñóììà: A ·B, ïðîèçâåäåíèå: αA.

18. Ìíîæåñòâî âñåõ äèàãîíàëüíûõ ìàòðèö A = (aij) ïîðÿäêà
n; ñóììà: A ·B, ïðîèçâåäåíèå: αA.

19. Ìíîæåñòâî âñåõ ñèììåòðè÷åñêèõ ìàòðèö A = (aij) ïîðÿäêà
n; ñóììà: A + B = (aij + bij), ïðîèçâåäåíèå: αA = (αaij).

20. Ìíîæåñòâî Z âñåõ öåëûõ ÷èñåë; ñóììà: x+y, ïðîèçâåäåíèå:
αx.

21. Ìíîæåñòâî R+ âñåõ ïîëîæèòåëüíûõ ÷èñåë; ñóììà: x·y, ïðî-
èçâåäåíèå: xα.

22. Ìíîæåñòâî R− âñåõ îòðèöàòåëüíûõ ÷èñåë; ñóììà: −|x| · |y|,
ïðîèçâåäåíèå: −|x|α.

23. Ìíîæåñòâî R âñåõ äåéñòâèòåëüíûõ ÷èñåë; ñóììà: x ·y, ïðî-
èçâåäåíèå: αx.

24. Ìíîæåñòâî âñåõ äèôôåðåíöèðóåìûõ ôóíêöèé; ñóììà: (f ·
g)(t), ïðîèçâåäåíèå: (αf)(t).

.

Çàäà÷à 1.7K. Èññëåäîâàòü íà ëèíåéíóþ íåçàâèñèìîñòü ñèñòå-
ìó ôóíêöèé.

� âàð. Ñèñòåìà ôóíêöèé

1, 16 sin t, cos t, tg t, t ∈
(
−π

2
,

π

2

)

2, 17 2, sin t, sin2 t, cos2 t, t ∈ (−∞, +∞)

3, 18 1, t, sin t, t ∈ (−∞, +∞)

4, 19 et, e2t, e3t, t ∈ (−∞, +∞)

Ïðîäîëæåíèå çàäà÷è 1.7 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 1.7
5, 20 t, t2, (1 + t)2, t ∈ (−∞, +∞)

6, 22 cos t, sin t, sin 2t, t ∈
(
−π

2
,

π

2

)

7, 21 1, t, t2, (1 + t)2, t ∈ (−∞, +∞)

8, 23 et, e−t, e2t, t ∈ (−∞, +∞)

9, 24 1 + t + t2, 1 + 2t + t2, 1 + 3t + t2, t ∈ (−∞, +∞)

10, 25 1, et, sh t, t ∈ (−∞, +∞)

11, 26 1, t,
1
t
, t ∈ (0, 1)

12, 27 1, tg t, ctg t, t ∈
(

0,
π

2

)

13, 28 t, 1 + t, (1 + t)2, t ∈ (−∞, +∞)

14, 29 et, tet, t2et, t ∈ (−∞, +∞)

15, 30 et, ch t, sh t, t ∈ (−∞, +∞)

.

Çàäà÷à 2.1. Ëèíåéíûé îïåðàòîð Ĉ â ïðîñòðàíñòâå V3 åñòü ïî-
ñëåäîâàòåëüíîå ïðèìåíåíèå ëèíåéíûõ îïåðàòîðîâ Â è B̂. Íàéòè
ìàòðèöû îïåðàòîðîâ Â, B̂, Ĉ â áàçèñå i, j, k. Îáðàòèì ëè îïå-
ðàòîð Ĉ? Åñëè äà, òî îïèñàòü åãî ãåîìåòðè÷åñêîå äåéñòâèå.

� Îïåðàòîðû
1 Ïîâîðîò âîêðóã îñè: à) Oz íà 90◦, á) Oz íà 45◦,

â) Ox íà 45◦, ã) Ox íà 30◦, ä) Oy íà 90◦, å) Oy íà 60◦.
2 Ïðîåêòèðîâàíèå íà ïëîñêîñòü: à) xOy, á) xOz, â) yOz.
3 Ïðîåêòèðîâàíèå íà îñü: à) Ox, á) Oy, â) Oz.

Ïðîäîëæåíèå çàäà÷è 2.1 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 2.1
4 Îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè: à) xOy,

á) xOz, â) yOz.
5 Îòðàæåíèå îòíîñèòåëüíî îñè: à) Ox, á) Oy, â) Oz.
6 Âåêòîðíîå óìíîæåíèå íà âåêòîð: à) a = i + j + k,

á) a = i + j− k, â) a = i− j + k, ã) a = i + 2k,
ä) a = j− 2k, å) a = 2i− j.

7 Ãîìîòåòèÿ ñ êîýôôèöèåíòîì: à) k = 2, á) k =
1
2
,

â) k = −2.

� âàð. Â B̂ � âàð. Â B̂ � âàð. Â B̂ � âàð. Â B̂

1 1a 2á 2 2a 1â 3 3a 4a 4 4a 7à
5 5a 3à 6 6a 2à 7 7a 5a 8 1á 4á
9 2á 6á 10 3á 6â 11 4á 1ã 12 5á 2â
13 4á 3â 14 7á 2á 15 1â 5á 16 2â 6ã
17 3â 7â 18 4â 2á 19 5â 6ä 20 6å 1ä
21 7â 2à 22 1ã 5á 23 6ã 3á 24 1ä 4â
25 6ä 3á 26 1å 6å 27 6å 4â 28 2a 5á
29 4a 6ä 30 7a 1å

.
Çàäà÷à 2.2. Ëèíåéíûé îïåðàòîð Â â ïðîñòðàíñòâå V3 ãåîìåò-
ðè÷åñêèõ âåêòîðîâ îïðåäåëÿåòñÿ äåéñòâèåì îòîáðàæåíèÿ α íà
êîíöû ðàäèóñ-âåêòîðîâ òî÷åê òðåõìåðíîãî ïðîñòðàíñòâà.
1) Íàéòè ìàòðèöó ëèíåéíîãî îïåðàòîðà Â â ïîäõîäÿùåì áàçèñå
ïðîñòðàíñòâà V3, à çàòåì â êàíîíè÷åñêîì áàçèñå i, j, k.
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2) Â êàêóþ òî÷êó òðåõìåðíîãî ïðîñòðàíñòâà ïåðåõîäèò òî÷êà ñ
êîîðäèíàòàìè (1, 0, 0) ïîä äåéñòâèåì îòîáðàæåíèÿ α?
3) Íàéòè An, ãäå A � ìàòðèöà îïåðàòîðà â áàçèñå i, j, k.

� âàð. Îòîáðàæåíèå α

1, 16 Îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè x + y + z = 0

2, 17 Ïîâîðîò íà 180◦ âîêðóã îñè x = y = z

3, 18 Ïðîåêòèðîâàíèå íà îñü x =
y

2
= z

4, 19 Ïðîåêòèðîâàíèå íà ïëîñêîñòü x + y + z = 0

5, 20 Îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè x + y − z = 0

6, 21 Ïîâîðîò íà 180◦ âîêðóã îñè x = y = −z

7, 22 Ïðîåêòèðîâàíèå íà îñü 2x = 2y = −z

8, 23 Ïðîåêòèðîâàíèå íà ïëîñêîñòü x− y + z = 0

9, 24 Îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè x− y + z = 0

10, 25 Ïîâîðîò íà 180◦ âîêðóã îñè − x = y = z

11, 26 Ïðîåêòèðîâàíèå íà îñü x = 2y = 2z

12, 27 Ïðîåêòèðîâàíèå íà ïëîñêîñòü − x + y + z = 0

13, 28 Îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè − x + y + z = 0

14, 29 Ïîâîðîò íà 180◦ âîêðóã îñè x = −y = z

15, 30 Ïðîåêòèðîâàíèå íà ïëîñêîñòü x + y − z = 0

.
Çàäà÷à 2.3.
1) Äîêàçàòü, ÷òî Â � ëèíåéíûé îïåðàòîð â ïðîñòðàíñòâå Pn

ìíîãî÷ëåíîâ ñòåïåíè íå âûøå n.
2) Íàéòè åãî ìàòðèöó â êàíîíè÷åñêîì áàçèñå.
3) Ñóùåñòâóåò ëè îáðàòíûé îïåðàòîð ê Â? Åñëè äà, òî íàéäèòå
åãî ìàòðèöó â òîì æå áàçèñå.
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4) Íàéäèòå ÿäðî îïåðàòîðà Â, òî åñòü ìíîæåñòâî KerÂ =
{p(t) ∈ Pn : (Âp)(t) ≡ 0}.

� âàð. n (Âp)(t)

1, 16 2 [(t + 1) · p(t)]′

2, 17 2 [t · p(t + 1)]′

3, 18 3 (t + 1) · p′(t)
4, 19 3 t · p′(t + 1)

5, 20 3 p(t)− p(t + 2)

6, 21 3 3t · p(t)− t2 · p′(t)
7, 22 2 (t · p(t))′ + p′′(t)

8, 23 3 6t · p(t)− t3 · p′′(t)
9, 24 2 (t + 1) · p(t + 1)− t · p(t)

10, 25 2 [(t− 2) · p(t)]′

11, 26 3 [t · p′(t)]′
12, 27 2 [t · p(t− 2)]′

13, 28 3 t · p′(t)− p(t + 1)

14, 29 2 (t− 2) · p(t− 2)− t · p(t)

15, 30 2 (2t + 1) · p(t) + t(1− t)p′(t)

.

Çàäà÷à 2.4. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåê-
òîðû ëèíåéíîãî îïåðàòîðà, çàäàííîãî ìàòðèöåé A. Äîêàçàòü,
÷òî ýòî îïåðàòîð ïðîñòîãî òèïà, ïðèâåñòè åãî ìàòðèöó ê äèàãî-
íàëüíîìó âèäó (íàéòè ìàòðèöó ïåðåõîäà ê ñîáñòâåííîìó áàçèñó
è ñäåëàòü ïðîâåðêó). Âû÷èñëèòü An äëÿ ëþáîãî n ∈ N .
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� � �
âàð. A âàð. A âàð. A

1
(

4 −3
2 −1

)
2

( −3 1
−4 2

)
3

(
2 1
1 2

)

4
( −4 5
−1 2

)
5

(
3 −2
2 −2

)
6

( −5 −2
6 2

)

7
(

5 −6
2 −3

)
8

(
2 −3
5 −6

)
9

( −3 2
−3 2

)

10
(

4 −2
1 1

)
11

(
3 6

−1 −4

)
12

(
3 −5
1 −3

)

13
(

4 2
−3 −3

)
14

(
2 −5
4 −7

)
15

(
4 −8
3 −6

)

16
( −2 5

1 2

)
17

(
2 1
2 3

)
18

(
6 7

−2 −3

)

19
(

3 1
1 3

)
20

(
5 7

−1 −3

)
21

(
6 −2
3 1

)

22
(

3 6
−1 −2

)
23

( −6 −7
2 3

)
24

( −6 5
−2 1

)

25
( −1 3

3 −1

)
26

( −3 1
1 −3

)
27

( −3 2
3 2

)

28
( −8 4
−5 1

)
29

( −5 3
−3 5

)
30

(
3 4

−2 −3

)

.

Çàäà÷à 2.5. Ïóñòü A � ìàòðèöà îïåðàòîðà Â èç çàäà÷è 2.2
â êàíîíè÷åñêîì áàçèñå i, j, k. Íàéäèòå ñîáñòâåííûå çíà÷åíèÿ è
ñîáñòâåííûå âåêòîðû ìàòðèöû A. Îáúÿñíèòå, êàê ïîëó÷åííûé
ðåçóëüòàò ñâÿçàí ñ ãåîìåòðè÷åñêèì äåéñòâèåì îïåðàòîðà Â.

Çàäà÷à 2.6. Îïåðàòîð Â äåéñòâóåò â ïðîñòðàíñòâå ìàòðèö,
îáðàçóþùèõ ëèíåéíîå ïîäïðîñòðàíñòâî M â ïðîñòðàíñòâå âñåõ
êâàäðàòíûõ ìàòðèö âòîðîãî ïîðÿäêà.
1) Äîêàçàòü, ÷òî Â � ëèíåéíûé îïåðàòîð.
2) Íàéòè ìàòðèöó îïåðàòîðà Â â êàêîì-íèáóäü áàçèñå ïðîñòðàí-
ñòâà M.
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3) Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû îïåðà-
òîðà Â (íàïîìíèì, ÷òî â äàííîì ñëó÷àå âåêòîðàìè ÿâëÿþòñÿ
ìàòðèöû).
4) Äîêàçàòü, ÷òî Â � îïåðàòîð ïðîñòîãî òèïà, óêàçàòü áàçèñ èç
ñîáñòâåííûõ âåêòîðîâ.

�
âàð. M =

{
X =

(
x y
u v

)}
Â B

1, 16 y = u ÂX = BTXB

(
1 1
0 0

)

2, 17 y = u ÂX = BTXB

(
0 0
1 1

)

3, 18 x + v = 0 ÂX = BX −XB

(
1 1
0 −1

)

4, 19 x + v = 0 ÂX = BX −XB

(
0 1
1 0

)

5, 20 x + y + u + v = 0 ÂX = B−1XB

(
0 1
1 0

)

6, 21 x− y + u + v = 0 ÂX = B−1XB

(
0 1

−1 0

)

7, 22 x + y − u− v = 0 ÂX = BX + XB

(
0 1
1 0

)

8, 23 x− 2y − u− v = 0 ÂX = BX + XB

(
1 1
0 −1

)

9, 24 y = u ÂX = BTXB

(
1 0
1 0

)

10, 25 y = u ÂX = BTXB

(
0 1
0 1

)

11, 26 x + v = 0 ÂX = BX −XB

(
1 0

−1 −1

)

12, 27 x + y + u + v = 0 ÂX = BX −XB

(
0 1
1 0

)

13, 28 x + y + 2u + v = 0 ÂX = B−1XB




0 1
1
2

0




Ïðîäîëæåíèå çàäà÷è 2.6 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 2.6
14, 29 x + y + 2u− v = 0 ÂX = BX + XB

(
1 0

−1 −1

)

15, 30 x + y − v = 0 ÂX = BX + XB

( −1 2
0 1

)

.

Çàäà÷à 2.7K. ßâëÿþòñÿ ëè ëèíåéíûìè îïåðàòîðàìè â ïðî-
ñòðàíñòâå R3 ñëåäóþùèå ïðåîáðàçîâàíèÿ? Íàéòè ìàòðèöó ëè-
íåéíîãî îïåðàòîðà â êàíîíè÷åñêîì áàçèñå ïðîñòðàíñòâà.

� âàð. Ïðåîáðàçîâàíèÿ Â, B̂, Ĉ

Â = (6x1 − 5x2 − 4x3, 3x1 − 2x2 − x3, x2 + 2x3),

1 B̂ = (6− 5x2 − 4x3, 3x1 − 2x2 − x3, x2 + 2),

Ĉ = (x4
3, 3x1 − 2x2 − x3, x2 + 2x3)

Â = (5x1 − 4x2 − 3x3, 2x1 − x2, x2 + 2),

2 B̂ = (5x1 − 4x2 − 3x3, 0, x4
2 + 2x3),

Ĉ = (5x1 − 4x2 − 3x3, 2x1 − x2, x2 + 2x3)

Â = (4x1 − 3x2 − 2x3, x1, x1 + 2x4
2 + 3x3),

3 B̂ = (4x1 − 3x2 − 2x3, x1, x1 + 2x2 + 3x3),

Ĉ = (4x1 − 3x2 − 2x3, x1, x1 + 2x2 + 3)

Â = (3x1 + 3x2 + x3, x3, 2x1 − 3x2 − 4x3),

4 B̂ = (3x1 + 3x2 + x3, 1, 2x1 − 3x2 − 4x3),

Ĉ = (3x1 + 3x2 + x3, x3, 2x4
1 − 3x2 − 4x3)

Â = (x1, x1 − 2x2 − 3, 4x1 − 5x2 − 6),

5 B̂ = (x1, x1 − 2x2 − 3x3, 4x4
1 − 5x2 − 6x3),

Ĉ = (x1, x1 − 2x2 − 3x3, 4x1 − 5x2 − 6x3)

Ïðîäîëæåíèå çàäà÷è 2.7 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 2.7
Â = (2x1 + x2, x2 − 2x3, 3x1 − 4x2

2 − 5x3),

6 B̂ = (2x1 + x2, x2 − 2x3, 3x1 − 4x2 − 5x3),

Ĉ = (2x1 + x2, x2 − 2, 3x1 − 4x2 − 5)

Â = (x1, x1 + 2x2 + 3x3, 4x1 + 5x2 + 6x3),

7 B̂ = (x1, x1 + 2x2 + 3, 4x1 + 5x2 + 6),

Ĉ = (x1, x1 + 2x2 + 3x3, 4x4
1 + 5x2 + 6x3)

Â = (3x1 − 2x2 − x3, 1, x1 + 2x2 + 3),

8 B̂ = (3x1 − 2x2 − x3, 0, x3
1 + 2x2 + 3x3),

Ĉ = (3x1 − 2x2 − x3, x3, x1 + 2x2 + 3x3)

Â = (2x1 − x2, x3, x1 + 2x2 + 3x4
3),

9 B̂ = (2x1 − x2, x3, x1 + 2x2 + 3x3),

Ĉ = (2x1 − x2, 1, x1 + 2x2 + 3)

Â = (x3, 2x1 + 3x2 + 4x3, 5x1 + 6x2 + 7x3),

10 B̂ = (x3, 2x1 + 3x2 + 4, 5x1 + 6x2 + 7),

Ĉ = (x3, 2x1 + 3x2 + 4x3, 5x2
1 + 6x2 + 7x3)

Â = (6x1 − 5x2 − 4x3, 3x1 − 2x2 − x3, 0),

11 B̂ = (6x1 − 5x2 − 4, 3x1 − 2x2 − x3, 0),

Ĉ = (6x1 − 5x2 − 4x3, 3x1 − 2x2 − x2
3, 0)

Â = (5x1 − 4x2 − 3, 2x1 − x2, x3
2),

12 B̂ = (5x1 − 4x2 − 3x3, 2x1 − x2, 1),

Ĉ = (5x1 − 4x2 − 3x3, 2x1 − x2, x3)

Â = (4x1 − 3x2 − 2x3, x2
1, x2 + 2x3),

Ïðîäîëæåíèå çàäà÷è 2.7 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 2.7
13 B̂ = (4x1 − 3x2 − 2x3, x1, x2 + 2x3),

Ĉ = (4x1 − 3x2 − 2, x1, x2 + 2)

Â = (3x1 + 2x2 + x3, 0, x1 − 2x2 − 3x3),

14 B̂ = (3x1 + 2x2 + 1, 0, x1 − 2x2 − 3),

Ĉ = (3x1 + 2x2 + x3, 0, x2
1 − 2x2 − 3x3)

Â = (x1, x2 − 2x3, 3x1 − 4x2 − 5),

15 B̂ = (x1, x2
2 − 2x3, 3x1 − 4x2 − 5),

Ĉ = (x1, x2 − 2x3, 3x1 − 4x2 − 5x3)

Â = (2x1 + x2, x2
3, 2x1 − 3x2 − 4x3),

16 B̂ = (2x1 + x2, x3, 2x1 − 3x2 − 4x3),

Ĉ = (2x1 + x2, x3, 2x1 − 3x2 − 4)

Â = (x1, x2 + 2x3, 3x1 + 4x2 + 5x3),

17 B̂ = (x1, x2 + 2x3, 3x1 + 4x2 + 5),

Ĉ = (x1, x2
2 + 2x3, 3x1 + 4x2 + 5x3)

Â = (3x1 − 2x2 − 1, 0, x1 + 2x2 + 3x3),

18 B̂ = (3x2
1 − 2x2 − x3, 0, 0),

Ĉ = (3x1 − 2x2 − x3, 0, x1 + 2x2 + 3x3)

Â = (2x2
1 − x2, x3, 2x2 + 3x3),

19 B̂ = (2x1 − x2, x3, 2x2 + 3x3),

Ĉ = (2x1 − x2, x3, 2x2 + 3)

Â = (0, x1 + 2x2 + 3x3, 4x1 + 5x2 + 6x3),

20 B̂ = (0, x1 + 2x2 + 3x3, 4x1 + 5x2 + 6),

Ïðîäîëæåíèå çàäà÷è 2.7 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 2.7
Ĉ = (0, x2

1 + 2x2 + 3x3, 4x1 + 5x2 + 6x3)

Â = (6x1 − 5x2 − 4x3, 3x1 − 2x2 − x3, x3),

21 B̂ = (6x1 − 5x2 − 4, 3x1 − 2x2 − x3, x3),

Ĉ = (6x1 − 5x2 − 4x2
3, 3x1 − 2x2 − x3, 0)

Â = (5x1 − 4x2 − 3, 2x1 − x2, x1 + 2x2 + 3x3),

22 B̂ = (5x1 − 4x2 − 3x3
3, 2x1 − x2, x1 + 2x2 + 3x3),

Ĉ = (5x1 − 4x2 − 3x3, 2x1 − x2, x1 + 2x2 + 3x3)

Â = (4x1 − 3x2
2 − 2x3, x1 + x3, 0),

23 B̂ = (4x1 − 3x2 − 2x3, x1 + x3, 2x1 + 3x2 + 4x3),

Ĉ = (4x1 − 3x2 − 2, x1 + x3, 2x1 + 3x2 + 4x3)

Â = (3x1 + 4x2 + 5x3, 6x1 + 7x2 + 8x3, 9x1 + x3),

24 B̂ = (3x1 + 4x2 + 5, 6x1 + 7x2 + 8, 9x1 + x3),

Ĉ = (3x1 + 4x2 + 5x3
3, 6x1 + 7x2 + 8x3, 0)

Â = (2x1 + 3x2 + 4, 5x1 + 6x2 + 7, 8x1 + x3),

25 B̂ = (2x1 + 3x2 + 4x3
3, 5x1 + 6x2 + 7x3, 0),

Ĉ = (2x1 + 3x2 + 4x3, 5x1 + 6x2 + 7x3, 8x1 + x3)

Â = (x3
1 + x3, 2x1 + 3x2 + 4x3, 0),

26 B̂ = (x1 + x3, 2x1 + 3x2 + 4x3, 5x1 + 6x2 + 7x3),

Ĉ = (x1 + 1, 2x1 + 3x2 + 4, 5x1 + 6x2 + 7x3)

Â = (3x1 − 2x2 − x3, x2 + 2x3, 3x1 + 4x2 + 5x3),

27 B̂ = (3x1 − 2x2 − 1, x2 + 2x3, 3x1 + 4x2 + 5x3),

Ĉ = (3x1 − 2x2 − x3
3, x2 + 2x3, 0)

Ïðîäîëæåíèå çàäà÷è 2.7 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 2.7
Â = (2x1 − x2, x1 + 2x2 + 3, 4x1 + 5x2 + 6x3),

28 B̂ = (2x1 − x3
2, x1 + 2x2 + 3x3, 0),

Ĉ = (2x1 − x2, x1 + 2x2 + 3x3, 4x1 + 5x2 + 6x3)

Â = (x3
1 + 2x2 + 3x3, 4x1 + 5x2 + 6x3, 7x1 + 8x2),

29 B̂ = (x1 + 2x2 + 3x3, 4x1 + 5x2 + 6x3, 7x1 + 8x2),

Ĉ = (x1 + 2x2 + 3, 4x1 + 5x2 + 6, 7x1 + 8x2)

Â = (x2 + 2x3, 3x1 + 4x2 + 5x3, 6x1 + 7x2 + 8x3),

30 B̂ = (x2 + 2, 3x1 + 4x2 + 5, 6x1 + 7x2 + 8x3),

Ĉ = (x3
2 + 2x3, 3x1 + 4x2 + 5x3, 6x1 + 7x2 + 8x3)

.

Çàäà÷à 2.8K. Ïóñòü x = (x1, x2, x3),
Âx = (x2 − x3, x1, x1 + x3), B̂x = (x2, 2x3, x1). Íàéòè:
� � �

1 ÂB̂x 2 Â2x 3 (Â2 − B̂)x

4 B̂4x 5 B̂2x 6 (2Â + 3B̂2)x

7 (Â2 + B̂2)x 8 (B̂2 + Â)x 9 B̂Âx

10 B̂(2Â− B̂)x 11 Â(2B̂ − Â)x 12 2(ÂB̂ + 2Â)x

13 (Â− B̂)2x 14 (B̂ − 2Â2)x 15 B̂Â2x

16 (3Â2 + B̂)x 17 (Â2 + B̂)x 18 (Â2 − B̂2)x

Ïðîäîëæåíèå çàäà÷è 2.8 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 2.8
19 (2B̂ − Â2)x 20 B̂3x 21 (B̂2 − 2Â)x

22 (Â(B̂ + Â))x 23 ÂB̂2x 24 (Â(B̂ − Â))x

25 2(B̂ + 2Â2 + B̂2)x 26 (B̂(Â− B̂))x 27 (B̂ − Â + B̂2)x

28 (B̂(Â + B̂))x 29 (Â + B̂Â− B̂)x 30 (3B̂ + 2Â2)x

.

Çàäà÷à 2.9K. Íàéòè ìàòðèöó ëèíåéíîãî îïåðàòîðà â áàçèñå
S̃ = {f1, f2, f3}, ãäå f1 = e1− e2 + e3, f2 = −e1 + e2− 2e3, f3 =
−e1 + 2e2 + e3, åñëè îíà çàäàíà â áàçèñå S = {e1, e2, e3}.
� Ìàòðèöà A � Ìàòðèöà A � Ìàòðèöà A

1




1 0 2
3 −1 0
1 1 −2


 2




2 0 1
3 0 4
1 −1 2


 3




0 2 3
4 1 0
2 −1 −2




4




1 2 0
3 0 −1
2 1 −1


 5




2 0 1
3 0 2

−1 1 2


 6




0 3 2
2 1 −1
0 −1 2




7




1 3 0
2 1 −1
0 2 1


 8




2 1 2
3 0 2
1 0 1


 9




0 1 2
4 0 1

−1 −2 1




10




1 1 0
0 −1 1
2 3 1


 11




2 1 1
0 0 2
1 3 −1


 12




3 0 1
1 −1 0
2 1 −1




13




1 2 1
0 2 0

−1 1 1


 14




1 1 2
0 2 1
1 −1 0


 15




1 1 1
2 0 1
0 1 3




16




1 1 3
1 0 1
2 0 1


 17




1 0 1
0 −1 2
3 −1 1


 18




1 0 2
3 0 −1
1 −2 1




Ïðîäîëæåíèå çàäà÷è 2.9 íà ñëåäóþùåé ñòðàíèöå



24

Ïðîäîëæåíèå çàäà÷è 2.9

19




2 0 0
1 −1 1

−1 2 1


 20




1 1 0
1 1 1
0 2 1


 21




0 1 1
1 1 0
2 1 1




22




0 0 1
2 1 −1

−1 1 1


 23




0 1 1
0 2 1

−1 2 1


 24




0 2 1
0 3 2
1 1 −1




25




2 0 1
0 1 −1
1 1 −1


 26




2 0 1
1 1 1
0 2 −1


 27




2 1 0
1 0 1
1 −1 1




28




2 1 0
0 1 −1

−1 1 1


 29




2 −1 0
−1 0 1

1 1 −1


 30




0 1 1
−1 0 1

1 −1 1




.

Çàäà÷à 2.10K. Äîêàçàòü ëèíåéíîñòü, íàéòè ìàòðèöó (â áàçèñå
i, j, k), ÿäðî è îáðàç îïåðàòîðà.

� Îïåðàòîð Â

1 Ïðîåêòèðîâàíèå íà îñü Ox

2 Ïðîåêòèðîâàíèå íà ïëîñêîñòü z = 0
3 Ïðîåêòèðîâàíèå íà îñü Oz

4 Çåðêàëüíîå îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè yOz

5 Ïðîåêòèðîâàíèå íà îñü Oy

6 Ïðîåêòèðîâàíèå íà ïëîñêîñòü y = 0
7 Çåðêàëüíîå îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè x− y = 0
8 Çåðêàëüíîå îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè y + z = 0
9 Ïðîåêòèðîâàíèå íà ïëîñêîñòü y − z = 0
10 Ïðîåêòèðîâàíèå íà ïëîñêîñòü y =

√
3x

11 Ïðîåêòèðîâàíèå íà ïëîñêîñòü yOz

12 Çåðêàëüíîå îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè x− z = 0
13 Çåðêàëüíîå îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè xOy

Ïðîäîëæåíèå çàäà÷è 2.10 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 2.10
14 Ïîâîðîò íà óãîë π/2 âîêðóã îñè Ox ïðîòèâ ÷àñîâîé ñòðåëêè
15 Ïðîåêòèðîâàíèå íà ïëîñêîñòü x− y = 0
16 Ïðîåêòèðîâàíèå íà ïëîñêîñòü y + z = 0
17 Çåðêàëüíîå îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè x + y = 0
18 Çåðêàëüíîå îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè y − z = 0
19 Ïðîåêòèðîâàíèå íà ïëîñêîñòü x + y = 0
20 Ïðîåêòèðîâàíèå íà ïëîñêîñòü x− z = 0
21 Çåðêàëüíîå îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè x + z = 0
22 Ïîâîðîò íà óãîë π/2 âîêðóã îñè Oz ïðîòèâ ÷àñîâîé ñòðåëêè
23 Ïðîåêòèðîâàíèå íà ïëîñêîñòü

√
3y + z = 0

24 Çåðêàëüíîå îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè xOz

25 Ïîâîðîò íà óãîë π/2 âîêðóã îñè Oy ïðîòèâ ÷àñîâîé ñòðåëêè
26 Ïðîåêòèðîâàíèå íà ïëîñêîñòü x + z = 0
27 Ïðîåêòèðîâàíèå íà ïëîñêîñòü y +

√
3z = 0

28 Ïðîåêòèðîâàíèå íà ïëîñêîñòü
√

3x + z = 0
29 Ïðîåêòèðîâàíèå íà ïëîñêîñòü

√
3x + y = 0

30 Ïîâîðîò íà óãîë π/4 âîêðóã îñè Oz ïðîòèâ ÷àñîâîé ñòðåëêè

.

Çàäà÷à 2.11K. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå
âåêòîðû ëèíåéíîãî îïåðàòîðà, çàäàííîãî ìàòðèöåé A.
� Ìàòðèöà A � Ìàòðèöà A � Ìàòðèöà A

1




4 −2 −1
−1 3 −1

1 −2 2


 2




2 −1 0
−1 2 0

1 −1 1


 3




3 −1 −1
0 2 −1
0 −1 2




4




5 −1 −1
0 4 −1
0 −1 4


 5




6 −2 −1
−1 5 −1

1 −2 4


 6




3 1 −1
2 2 −1

−2 1 4




Ïðîäîëæåíèå çàäà÷è 2.11 íà ñëåäóþùåé ñòðàíèöå
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Ïðîäîëæåíèå çàäà÷è 2.11

7




2 0 −1
1 1 −1

−1 0 2


 8




2 1 0
1 2 0

−1 1 3


 9




4 1 0
1 4 0

−1 1 5




10




5 1 −1
2 4 −1

−2 1 6


 11




5 −4 4
2 1 2
2 0 3


 12




3 −2 2
2 −1 2
2 −2 3




13




3 −2 2
0 3 0
0 2 1


 14




5 −2 2
0 5 0
0 2 3


 15




7 −4 4
2 3 2
2 0 5




16



−7 6 6

4 −1 4
4 −2 5


 17




7 −6 6
2 3 2
2 2 3


 18




13 2 −2
6 9 −6
2 −2 5




19




7 2 −2
4 5 −2
0 0 3


 20




9 0 0
2 7 −4
2 −2 5


 21




15 0 0
2 13 −4
2 −2 11




22




19 2 −2
6 15 −6
2 −2 11


 23




4 1 −1
2 3 −2
1 −1 2


 24




2 1 −1
1 2 −1
0 0 1




25




3 0 0
1 2 −1
1 −1 2


 26




5 0 0
1 4 −1
1 −1 4


 27




6 1 −1
2 5 −2
1 −1 4




28




9 −6 −6
−2 5 −2
−2 2 −13


 29




5 −2 −4
0 3 0

−2 2 7


 30




7 −4 −2
−2 5 −2

0 0 9




.

Çàäà÷à 3.1. Çàäàíà êâàäðàòè÷íàÿ ôîðìà ϕ(x1, x2, x3).
1) Ïðèâåñòè åå ê êàíîíè÷åñêîìó âèäó ìåòîäîì Ëàãðàíæà, âû-
ïèñàâ ñîîòâåòñòâóþùåå ïðåîáðàçîâàíèå ïåðåìåííûõ.
2) Ïðèâåñòè åå ê êàíîíè÷åñêîìó âèäó îðòîãîíàëüíûì ïðåîáðà-
çîâàíèåì.
3) Ïðîâåðèòü çàêîí èíåðöèè êâàäðàòè÷íûõ ôîðì íà ïðèìåðàõ
ïðåîáðàçîâàíèé, ïîëó÷åííûõ â ï.ï.1)�2).
4) Êàêàÿ ïîâåðõíîñòü çàäàåòñÿ óðàâíåíèåì ϕ(x1, x2, x3) = 1?
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� âàð. Êâàäðàòè÷íàÿ ôîðìà ϕ(x1, x2, x3)

1 4x2
2 − 3x2

3 + 4x1x2 − 4x1x3 + 8x2x3

2 −2x2x3

3 2x2
1 + 2x2

2 + 2x2
3 + 8x1x2 + 8x1x3 − 8x2x3

4 2x2
1 + 9x2

2 + 2x2
3 − 4x1x2 + 4x2x3

5 −4x2
1 − 4x2

2 + 2x2
3 − 4x1x2 + 8x1x3 − 8x2x3

6 2x2
1 + x2

2 − 4x1x2 − 4x2x3

7 4x2
1 + 4x2

2 + x2
3 + 2x1x2 − 4x1x3 + 4x2x3

8 3x2
1 + x2

2 −
3
2
x2

3 + 2
√

3x1x2 − x1x3 +
√

3x2x3

9 −x2
1 − x2

2 − 3x2
3 − 2x1x2 − 6x1x3 + 6x2x3

10 x2
1 − 7x2

2 + x2
3 − 4x1x2 − 2x1x3 − 4x2x3

11 x2
1 + 2x2

2 + 3x2
3 − 4x1x2 − 4x2x3

12 3x2
1 − 7x2

2 + 3x2
3 + 8x1x2 − 8x1x3 − 8x2x3

13 x2
1 + 5x2

2 + x2
3 − 4x1x2 + 5

√
2x1x3 +

√
2x2x3

14 x2
1 + x2

2 + x2
3 −

4
3
x1x2 − 8

√
2

3
x2x3

15 −2x2
1 + 2x2

2 − 2x2
3 − 4x1x2 + 5

√
2x1x3 +

√
2x2x3

Ïðîäîëæåíèå çàäà÷è 3.1 íà ñëåäóþùåé ñòðàíèöå
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16 −1
2
x2

1 + 5x2
2 −

1
2
x2

3 − 4x1x2 + 3x1x3 + 4x2x3

17 −3x2
1 + 9x2

2 + 3x2
3 + 2x1x2 + 8x1x3 + 4x2x3

18 −2x2
1 + 2x2

2 − 2x2
3 + 4x1x2 − 6x1x3 + 4x2x3

19 2x2
1 + 3x2

2 + 2x2
3 − 8x1x2 − 4

√
2x1x3 + 2

√
2x2x3

20 −4x2
1 + x2

2 − 4x2
3 + 4x1x2 − 4x1x3 + 4x2x3

21 10x2
1 + 14x2

2 + 7x2
3 − 10x1x2 −

√
2x1x3 − 5

√
2x2x3

22
3
2
x2

1 − 5x2
2 +

3
2
x2

3 + 4x1x2 − x1x3 − 4x2x3

23 x2
1 + x2

2 + 2x2
3 + 4x1x2 + 2

√
2x1x3 − 2

√
2x2x3

24 2x2
2 − 3x2

3 − 2
√

3x1x2 − 4x1x3 + 4
√

3x2x3

25 x2
1 + x2

2 + x2
3 +

4
3
x1x2 +

8
√

2
3

x2x3

26 x2
1 + x2

3 + 8x1x2 + 4
√

2x1x3 − 2
√

2x2x3

27 5x2
1 + 13x2

2 + 5x2
3 + 4x1x2 + 8x2x3

28 2x2
1 + 2x2

2 + 2x2
3 +

2
3
x1x2 +

4
√

2
3

x2x3

29 5x2
1 + 4x2

2 + 2x2
3 − 4x1x2 − 2

√
2x1x3 + 4

√
2x2x3

30 x2
1 + x2

2 + x2
3 + x1x2 + x1x3 + x2x3

.
Çàäà÷à 3.2. Âûïèñàòü êâàäðàòè÷íóþ ôîðìó ñ äàííîé ìàòðè-
öåé A. Ïðèâåñòè åå ê êàíîíè÷åñêîìó âèäó, îïðåäåëèòü ðàíã, ïî-
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ëîæèòåëüíûé è îòðèöàòåëüíûé èíäåêñû â çàâèñèìîñòè îò çíà-
÷åíèé ïàðàìåòðà a. Ïðè êàêèõ çíà÷åíèÿõ a ôîðìà ïîëîæèòåëü-
íî îïðåäåëåíà?

� �
âàð. Ìàòðèöà A âàð. Ìàòðèöà A

1




1 1 1
1 a a

1 a a + 1


 2




a a 1
a a + 1 1
1 1 1




3




a 1 a

1 1 1
a 1 a + 1


 4




1 2 −1
2 a + 4 2a− 2

−1 2a− 2 5a




5




a + 4 2 2a− 2
2 1 −1

2a− 2 −1 5a


 6




a + 4 2a− 2 2
2a− 2 5a −1

2 −1 1




7




1 −1 1
−1 a + 1 a− 1

1 a− 1 2a


 8




a + 1 −1 a− 1
−1 1 1

a− 1 1 2a




9




a + 1 a− 1 −1
a− 1 2a 1
−1 1 1


 10




1 2 −2
2 a + 4 a− 4

−2 a− 4 2a




11




a + 4 2 a− 4
2 1 a− 2

a− 4 −2 2a


 12




a + 4 a− 4 2
a− 4 2a −2

2 −2 1




13




1 −1 −1
−1 1 + 4a 1− 2a
−1 1− 2a 3a


 14




1 + 4a −1 1− 2a
−1 1 −1

1− 2a −1 3a




15




1 + 4a 1− 2a 1
1− 2a 3a −1
−1 −1 1


 16




1 1 2
1 a + 1 2− a

2 2− a 2a




Ïðîäîëæåíèå çàäà÷è 3.2 íà ñëåäóþùåé ñòðàíèöå
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17




2a 2 2− a

2 1 1
2− a 1 a + 1


 18




a + 1 2− a 1
2− a 2a 2

1 2 1




19




1 3 −1
3 9a + 9 3a− 3

−1 3a− 3 6a


 20




6a 3a− 3 −1
3a− 3 9a + 9 3
−1 3 1




21




9a + 9 3 3a− 3
3 1 −1

3a− 3 −1 6a


 22




4 −2 2
−2 a + 1 a− 1

2 a− 1 4a




23




4a a− 1 2
a− 1 a + 1 −2

2 −2 4


 24




a + 1 a− 1 −2
a− 1 4a 2
−2 2 4




25




1 1 3
1 a + 1 3− 2a
3 3− 2a 5a


 26




5a 3− 2a 3
3− 2a a + 1 1

3 1 1




27




a + 1 1 3− 2a
1 1 3

3− 2a 3 5a


 28




1 −1 −1
−1 a + 1 1− 2a
−1 1− 2a 6a




29




6a −1 1− 2a
−1 1 −1

1− 2a −1 a + 1


 30




a + 1 1− 2a −1
1− 2a 6a −1
−1 −1 1




.

Çàäà÷à 3.3K. Ïðèâåñòè óðàâíåíèå êðèâîé âòîðîãî ïîðÿäêà ê
êàíîíè÷åñêîìó âèäó. Ñäåëàòü ÷åðòåæ.

� âàð. Óðàâíåíèå êðèâîé
1 −x2 − y2 + 4xy + 2x− 4y + 1 = 0
2 2x2 + 2y2 − 2xy − 2x− 2y + 1 = 0

Ïðîäîëæåíèå çàäà÷è 3.3 íà ñëåäóþùåé ñòðàíèöå
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3 4xy + 4x− 4y = 0
4 −2x2 − 2y2 + 2xy − 6x + 6y + 3 = 0
5 −3x2 − 3y2 + 4xy − 6x + 4y + 2 = 0
6 −2xy − 2x− 2y + 1 = 0
7 −x2 − y2 − 4xy − 4x− 2y + 2 = 0
8 −4x2 − 4y2 + 2xy + 10x− 10y + 1 = 0
9 4xy + 4x− 4y − 2 = 0
10 x2 + y2 + 2xy − 8x− 8y + 1 = 0
11 x2 + y2 + 4xy − 8x− 4y + 1 = 0
12 x2 + y2 − 2xy − 2x + 2y − 7 = 0
13 2xy + 2x + 2y − 3 = 0
14 4x2 + 4y2 + 2xy + 12x + 12y + 1 = 0
15 3x2 + 3y2 + 4xy + 8x + 12y + 1 = 0
16 x2 + y2 − 8xy − 20x + 20y + 1 = 0
17 3x2 + 3y2 − 2xy − 6x + 2y + 1 = 0
18 4xy + 4x + 4y + 1 = 0
19 3x2 + 3y2 − 4xy + 6x− 4y − 7 = 0
20 −4xy − 4x + 4y + 6 = 0
21 5x2 + 5y2 − 2xy + 10x− 2y + 1 = 0
22 2x2 + 2y2 + 4xy + 8x + 8y + 1 = 0
23 −x2 − y2 + 2xy + 2x− 2y + 1 = 0
24 2x2 + 2y2 − 4xy − 8x + 8y + 1 = 0
25 3x2 + 3y2 + 2xy − 12x− 4y + 1 = 0
26 −4xy + 8x + 8y + 1 = 0
27 2x2 + 2y2 − 2xy + 6x− 6y − 6 = 0
28 x2 + y2 + 4xy + 4x + 2y − 5 = 0
29 4xy + 4x− 4y + 4 = 0

Ïðîäîëæåíèå çàäà÷è 3.3 íà ñëåäóþùåé ñòðàíèöå



32

Ïðîäîëæåíèå çàäà÷è 3.3
30 3x2 + 3y2 − 4xy + 4x + 4y + 1 = 0

.
Çàäà÷à 4.1. Â ïðîñòðàíñòâå V3 ãåîìåòðè÷åñêèõ âåêòîðîâ

ñ îáû÷íûì ñêàëÿðíûì ïðîèçâåäåíèåì âåêòîðû áàçèñà S =
{e1, e2, e3} çàäàíû êîîðäèíàòàìè â áàçèñå i, j, k.
1) Íàéäèòå ìàòðèöó Ãðàìà GS ñêàëÿðíîãî ïðîèçâåäåíèÿ â ýòîì
áàçèñå. Âûïèøèòå ôîðìóëó äëÿ äëèíû âåêòîðà ÷åðåç åãî êîîð-
äèíàòû â áàçèñå S.
2) Îðòîãîíàëèçóéòå áàçèñ S. Ñäåëàéòå ïðîâåðêó îðòîíîðìèðî-
âàííîñòè ïîñòðîåííîãî áàçèñà P äâóìÿ ñïîñîáàìè:
à) âûïèñàâ êîîðäèíàòû âåêòîðîâ èç P â êàíîíè÷åñêîì áàçèñå
i, j, k;
á) óáåäèâøèñü, ÷òî ïðåîáðàçîâàíèå ìàòðèöû Ãðàìà ïðè ïåðåõî-
äå îò áàçèñà S ê áàçèñó P (ïî ôîðìóëå GP = CTGSC, ãäå C �
ìàòðèöà ïåðåõîäà îò áàçèñà S ê áàçèñó P ) ïðèâîäèò ê åäèíè÷-
íîé ìàòðèöå.
� Áàçèñ S � Áàçèñ S � Áàçèñ S
1, e1 = (1,−1, 1) 2, e1 = (1, 0, 1) 3, e1 = (1,−1, 0)
16 e2 = (2, 1, 0) 17 e2 = (1, 1,−1) 18 e2 = (1, 1, 1)

e3 = (0, 1, 1) e3 = (2,−1, 0) e3 = (1, 0, 2)
4, e1 = (1, 0, 2) 5, e1 = (0,−1, 2) 6, e1 = (1, 1,−1)
19 e2 = (2, 1, 1) 20 e2 = (1, 1,−1) 21 e2 = (2, 0, 1)

e3 = (1, 1, 0) e3 = (2, 0, 1) e3 = (1, 1, 2)
7, e1 = (2, 0, 1) 8, e1 = (−1, 1, 1) 9, e1 = (2, 0, 1)
22 e2 = (1, 1,−1) 23 e2 = (1, 1,−1) 24 e2 = (1, 1, 1)

e3 = (1, 2, 1) e3 = (2, 0, 1) e3 = (−2, 0, 1)
10, e1 = (1, 1, 0) 11, e1 = (1, 0,−1) 12, e1 = (2,−1, 0)
25 e2 = (2, 0, 1) 26 e2 = (2, 1, 1) 27 e2 = (1, 1, 1)

e3 = (1, 1, 1) e3 = (1, 1, 0) e3 = (−1, 0, 1)
13, e1 = (1, 0, 2) 14, e1 = (−1, 1, 0) 15, e1 = (1, 1,−1)
28 e2 = (1, 1, 1) 29 e2 = (−2, 1, 1) 30 e2 = (1, 1, 1)

e3 = (−1, 2, 0) e3 = (1, 0, 1) e3 = (2, 1, 0)
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